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Introduction
Let X ⊂ R n be a generalized annulus and consider the energy functional
over the space of admissible maps
ϕ (X, R n ) : det ∇u = 1 a.e. in X}, (1.2) where W 1,2 ϕ (X, R n ) = {u ∈ W 1,2 (X, R n ) : u| ∂X = ϕ} and ϕ denotes the identity map.
In [10] we initiated the task of extremizing the energy functional (1.1) over the space (1.2) by introducing a class of maps referred to as generalized twists and examining them as possible solutions to the associated system of Euler-Lagrange equations that here take the form Note that the divergence operator acts row-wise and the tensor field S is defined through
for all x ∈ X with F ∈ R n×n satisfying det F = 1 while p is a suitable Lagrange multiplier. where r = |x|, θ = x/|x| and Q ∈ C([a, b], SO(n)). The main motivation for considering such maps comes partly from geometric topology where Dehn twists are crucial instruments in describing the mapping class groups of surfaces (see [3] ) and partly nonlinear elasticity where generalized twists have played a curious role in the multiple solution problems for equilibrium states and local minimizers (see [10] [11] [12] ). Subject to further differentiability assumption on the twist path Q and end-point conditions Q(a) = I n and Q(b) = I n (thus making it a loop in the pointed space [SO(n), I n ]) it can be shown that u ∈ A ϕ (X) and that Interestingly the integral (1.4) has no θ-dependence and indeed its principal part upon a change of variables presents the Dirichlet energy of the twist loop Q and a We refer the interested reader to [2, 10] for background, motivation and a preliminary discussion on the problem considered here.
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hence amending itself to an investigation of scaled geodesics on the compact Lie group SO(n). Whilst formulating conditions on the latter twist loops to subsequently grant solutions to the equilibrium equations (1.3) is of interest in this paper we follow an alternative route by reformulating the problem on the universal (double) cover of SO(n) the spinor group Spin(n). Investigating the resulting equations over Spin(n) apart from being interesting in its own right has the advantage of making the calculation of spin degrees (see [12] ) of stationary loops and closed paths a straightforward task.
The study of the energy (1.4) and its reformulation on Spin(n) requires, in particular, working in the Clifford algebra C n and exploiting its multiplicative structure (see [1] ). For the purpose of this paper, however, we specialize, in low dimensions, specifically n < 5, where additionally by taking advantage of the socalled accidental isomorphisms one can connect Spin(n) to well known classical matrix groups (see [1, 4, 6] ). Indeed, here Spin(3) ∼ = SU(2) ∼ = Sp(1) ∼ = S 3 and Spin(4) ∼ = SU(2) × SU(2) ∼ = Sp(1) × Sp(1) (see Appendix for n = 2). To briefly outline the plan of the paper we begin with some basic observations on the energy of generalized twists and the lifting problem for their twist loops. We have moved some of the lengthy discussions associated with the covering map γ : Spin(n) → SO(n) that play a crucial role in the lifting of the energy (1.4) to Spin(n) to the Appendix. The infinite family of extremals of the latter energy are then obtained in Secs. 3-4 through integration of the corresponding Euler-Lagrange equations. A detailed analysis of the equilibrium equations presented in Secs. 5.1 and 5.2 then reveals that among such extremals for n = 3 there is only a single one granting solution to the system (1.3) whereas in sharp contrast for n = 4 there is an infinite family of such extremals granting solutions to (1.3) whose structure and explicit form are described using the exponential map of Sp(1) × Sp(1).
Generalized Twists as Self-Maps of X
Let X = {x ∈ R n : a < |x| < b}. A continuous self-map of X is referred to as a generalized twist if it can be represented in spherical coordinates in the form
where x ∈ X and r = |x|, θ = x/|x| and where Q ∈ C([a, b], SO(n)). It can be verified that subject to the additional conditions
b Our notation for matrix groups and related Lie groups is standard and in agreement with e.g., [4, 6] . For an overview of related problems and techniques in geometric analysis, specifically, the theory of harmonic maps see [7, 9, 13] .
the resulting twist u lies in the space of admissible maps A ϕ (X). Furthermore, in this case the Dirichlet energy can be expressed as (see [10] for details)
In the remainder of the paper we specialise in the cases n = 3 and n = 4. Our first goal here is to express the energy (2.2) and its associated Euler-Lagrange equations over the spinor groups Spin(3) and Spin(4) serving as the universal covering spaces of SO(3) and SO(4), respectively. (1)) and consider the associated generalized twist
with r = |x| where Q q is as described in (A.1). Then, it follows from [1] - [3] above and Lemma A.1 that u ∈ A(X) provided that the following hold:
Furthermore, for the twist u defined above using (2.2) and Lemma A.1 we have that
Now, motivated by the above representation in what follows we consider the principal part of the energy, i.e.
over the space of admissible paths
c At this stage the reader is encouraged to consult the Appendix where some of the notation and basic results used in the subsequent sections are introduced and proved.
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The initial aim is to derive the 
indicating that up to the first order q ε is Sp(1)-valued. Therefore (with a slight abuse of notation), we have that
We now proceed by evaluating each term separately. Indeed, with regards to the first term using the fact thatandξ are pure quaternionic-valued we can write
Note that in concluding the last line we have used integration by parts together with the boundary conditions ξ(a) = ξ(b) = 0. On the other hand for the second term a direct verification reveals that
where in concluding the second equality we have used the fact thatqq is real-valued and ξ is pure quaternionic-valued. Therefore, summarizing, by combining the latter we have that
which justifies the asserted claim. 
where α ∈ H 0 is constant and has the form
where
with m ∈ Z while ω α ∈ H 0 and |ω α | = 1 (i.e. ω α is a unit pure quaternion).
Proof.
As q is a solution to (3.3) there exits α ∈ H 0 constant such that r 4qq = α [notice thatqq is pure quaternionic-valued] and therefore dq dr = 1 r 4 αq. Integrating the above equation gives
where q • ∈ Sp(1) is constant and fixed. Referring to the end-point conditions it is evident that
and similarly upon substitution
where for the sake of brevity and convenience we have set
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As α = 0 corresponds to q ≡ 1 in what follows we restrict our attention to nonzero α. Hence to conclude it suffices to note that
which is the required conclusion.
The immediate aim next is to find the SO(3)-valued map Q q associated with the solution q from the above theorem [in the spirit of that described by (A.1)]. To this end it is convenient to set
Then, it is evident that for α = ρ α ω α with ω α being a unit pure quaternion we have that
Now, again utilizing the fact that ω α is a unit pure quaternion there exists p ∈ Sp(1) such that
As a result we can write
Therefore, the SO(3)-valued map Q q associated with the solution q given by (3.4) in Theorem 3.1 can be written in the diagonalized form
d It is well-known that for any real ρ (i.e. ρ ∈ R) and any unit pure quaternion ω (i.e. ω ∈ H 0 with |ω| = 1) the quaternionic exponential satisfies the following version of Euler's identity: 6) where P = Q p ∈ SO(3) is constant and the
corresponding to a planar twist. 
Proof. In view of Theorem 3.1 a straightforward calculation with q = q(r) as in (3.4) gives
Therefore, in view of α = α(m) = ρ α ω α we can write
which is the required conclusion. Now, for the twist associated with the solution q from Theorem 3.1 we have the corresponding Dirichlet energy given by (1)) and consider the associated generalized twist
Spin(4) ∼ = Sp(1) × Sp(1) and the Dirichlet Energy
with r = |x| where Q p,q is as described in (A.3). Then, similar to the case n = 3 by utilizing Lemma A.2 it follows that u ∈ A(X) provided that the following hold:
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Furthermore, for the twist u defined above using (2.2) and Lemma A.2 we have that
Again, we proceed by deriving the Euler-Lagrange equation associated with the energy φ over the space π [a, b] . We claim that this takes the form
Then, it can be easily seen that
indicating that up to the first order (p ε , q) is Sp(1) × Sp(1)-valued. Thus (with a slight abuse of notation), we have that
We now proceed by evaluating each term separately. Indeed, with regards to the first term using the fact that pṗ andξ are pure quaternionic-valued we can write
Note that in concluding the last line we have used integration by parts together with the boundary conditions ξ(a) = ξ(b) = 0. On the other hand, for the second term a direct verification reveals that
where in concluding the second equality we have used the fact thatṗṗ is real-valued and ξ is pure quaternionic-valued. Therefore, summarizing, by combining the latter we have that
which justifies the assertion. 
where and consequently dp dr , dq dr = 1 r 5 (αp, βq).
Integrating the above further gives
In a similar way for the end-point condition (q(a), q(b)) = ±(1, 1) upon substitution from above we have
a 4 b 4 . Therefore, to conclude it is enough to observe that
The immediate aim next is to find the SO(4)-valued matrix Q p,q associated with the pair (p, q) from the above theorem as described by (A.3). To this end we proceed by introducing the functions
with r ∈ [a, b]. Then, writing α = ρ α ω α and β = ρ β ω β as in the theorem with ω α , ω β being unit pure quaternions we have
where with the aid of (3.6) this can also be expressed as
Next, in view of ω α , ω β being unit pure quaternions there exist ξ, ζ ∈ Sp(1) such that
and in a similar way
As a result by combining the above we can write
Therefore, the SO(4)-valued map Q p,q associated with the solution pair (p, q) given in Theorem 4.1 can be written in the diagonalized form
where P = Q ξ,ζ ∈ SO(4) is constant and the SO(4)-valued map Q η1,η2 [with
corresponding to two sets of independent twists.
Proposition 4.1. Let (p, q) = (p, q)[r; a, b, α, β] denote the solution pair to the Euler-Lagrange equation associated with the energy φ over the space π[a, b]. (See Theorem 4.1.) Then, with the notation used in the theorem we have that
Proof. Utilizing the explicit expression for the solution pair from the theorem above a direct calculation gives
As a result in view of α = α(m α , ω α ) and β = β(m β , ω β ) we can write
which is the required conclusion. 
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Now, for the generalized twist associated with the solution pair (p, q) from Theorem 4.1 we have the corresponding Dirichlet energy given by
[It is instructive to compare the above energy as well as the functions g 1 , g 2 with those expressed in [10, p. 203 ].]
Generalized Twists as Classical Solutions to the Euler-Lagrange Equation
In this section we characterize all those stationary loops Q = Q q (n = 3) and Q = Q p,q (n = 4) whose resulting generalized twist furnishes a solution to the system of Euler-Lagrange equations associated with the energy F over A(X). To this end we begin by first clarifying the notion of a solution. it follows that the same is true of the resulting twists. Hence, the focus in this section will be entirely on analyzing the system of equations in [3] above.
Definition 5.1 (Classical Solution). A pair (u, p) is said to be a classical solution to the Euler-Lagrange equations associated with F over A(X) if and only if the following hold
f : [1] u ∈ C 2 (X, R n ) ∩ C(X, R n ), [2] p ∈ C 1 (X) ∩ C(X), [3] (u, p) satisfy the system of equations      [cof∇u] −1 ∆u = ∇p in X, det ∇u = 1 in X, u = x on ∂X.
Proposition 5.1. Let u be a generalized twist with
Proof. Referring to Definition (2.1) it follows upon differentiating once that
f It is implicit here that the map u itself is admissible, i.e. u ∈ A and so this condition is not iterated in the list.
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Next, using the notation u = (u 1 , u 2 , . . . , u n ) it follows from further component-wise differentiation that
As this is true for 1 ≤ i ≤ n going back to the original vector notation we arrive at
Now, as a consequence of the pointwise identity det ∇u = 1 it follows that we have
Therefore, by combining the above we can write
Classical solutions and stationary loops in Spin(3)
This section is devoted to the case n = 3. Before proceeding further, however, we pause briefly to comment on notation. Indeed, we identify R 3 with H 0 and for convenience often abuse notation and represent the vector (x 1 , x 2 , x 3 ) and the pure quaternion ix 1 + jx 2 + kx 3 by the same symbol x. Using this identification we will regard an element of M 1×3 (H 0 ) with one of M 3×3 (R) whose columns are vectors in R 3 representing the entries of the former in H 0 . We set U ∈ M 1×3 (H 0 ) to denote
and for θ ∈ S 2 we set
Using this notation we can write Q q = qUq [see (A.1)] and thusQ q =qUq + qUq. Hence, for the generalized twist u we obtain
where in the first equality θ is identified with the unit vector (θ 1 , θ 2 , θ 3 ) whereas in the second and third equalities θ is identified with the unit pure quaternion iθ 1 + jθ 2 + kθ 3 . In a similar way, we have that
Therefore, by referring to Proposition 5.1 we can write where α ∈ H 0 . Now, referring to the discussion prior to the proposition we have that
and consequently with α = ρ α ω α and α, β = (αβ) as indicated earlier, we have
is a gradient in X. However, we have that
the last identity holding for all θ ∈ S 2 and r ∈ ]a, b[. (Notice that here we have used the symmetry of Q ωα .) However, in view of Q ωα being additionally special orthogonal (hence having eigenvalues ±1 only) we have that
which is a contradiction as α is a pure quaternion. This completes the proof.
Classical solutions and stationary loops in Spin(4)
This section is devoted to the case n = 4. Notation is similar to that described in the previous section with natural modifications corresponding to identifying R 4 with H. Here, we set U ∈ M 1×4 (H) to denote
and for θ ∈ S 3 we set 
for all x ∈ X.
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Generalized which is a contradiction as α and β are both pure quaternions. Hence, the proof is complete.
We end the section by describing more specifically the SO(4)-valued map Q p,q associated with the pair (p, q) in Theorem 5. 
